In this paper, we consider a dynamical system related to the Yang-Mills system for a field with gauge group SU(2). We solve this system in terms of genus two hyperelliptic functions. The corresponding invariant surface defined by the two constants of motion can be completed as a cyclic double cover of an abelian surface (the jacobian of a genus 2 curve) and we show that this system is algebraic completely integrable in the generalized sense. Also we show that this system is part of an algebraic completely integrable system in five unknowns having three constants of motion.
Introduction and General Setting
A dynamical system is algebraic completely integrable [2] if it can be linearized on a complex algebraic torus C n /lattice (=abelian variety). The invariants (often called first integrals or constants) of the motion are polynomials and the phase space coordinates (or some algebraic functions of these) restricted to a complex invariant variety defined by putting these invariants equals to generic constants, are meromorphic functions on an abelian variety. Moreover, in the coordinates of this abelian variety, the flows (run with complex time) generated by the constants of the motion are straight lines. There are many examples of differential equations which have the weak Painlev property that all movable singularities of the general solution have only a finite number of branches and some interesting integrable systems appear as coverings of algebraic completely integrable systems. The invariant varieties are coverings of abelian varieties and these systems are called algebraic completely integrable in the generalized sense [22, 15] . These systems are Liouville integrable and by the Arnold-Liouville theorem [3, 14] , the compact connected manifolds invariant by the real flows are tori; the real parts of complex affine coverings of abelian varieties. Most of these systems of differential equations possess solutions which are Laurent series of t 1/n (t being complex time) and whose coefficients depend rationally on certain algebraic parameters. It was shown in series of publications [25, 26, 1] and others that θ-divisor can serve as a carrier of integrability. Let H be a hyperelliptic curve of genus g and Jac(H) = C g /Λ its jacobian variety where Λ is a lattice of maximal rank in C g . Let 
where O is the origin of Jac(H) and Θ k the subvariety (strata) of Jac(H) defined
In [25] , the author showed that these stratifications of the jacobian are connected with stratifications of the Sato grassmannian, via an extension of Krichever's map. He discussed the relation between Laurent solutions for the Master systems and stratifications of the jacobian of a hyperelliptic curve. In [26] , the author studied Lie-Poisson structure in the jacobian and showed that invariant manifolds associated with Poisson brackets can be identified with these strata. Some problems were considered in [26, 1] , where a connection was established with the flows on these strata. Such varieties or their open subsets often appear as coverings of complex invariants manifolds of finite dimensional integrable systems (Hénon-Heiles and Neumann systems). In this paper, we consider another interesting example of such varieties related to the Yang-Mills system. We consider the Yang-Mills system for a field with gauge group SU (2):
where
The self-dual Yang-Mills (SDYM) equations is a universal system for which some reductions include all classical tops from Euler to Kowalewski (0 + 1-dimensions), K-dV, Nonlinear Schrödinger, Sine-Gordon, Toda lattice and N-waves equations (1+1-dimensions), KP and D-S equations (2 + 1-dimensions), etc. In the case of homogeneous double-component field,
By setting U j = q j , ∂Uj ∂t = p j , j = 1, 2, Yang-Mills equations are reduced to hamiltonian system with the hamiltonian
The symplectic transformation 
This hamiltonian system also arises in connection with some problems in scalar field theory and in the semi-classical method in quantum field theory. This system corresponds also to the Garnier system [21] and to the anisotropic harmonic oscillator in a radial quartic potential [19] . The integrability of this hamiltonian system has been studied by several authors [5, 29, 30, 18, 19, 20] and others. It was shown that this system admit asymptotic solutions
depending on 3 free parameters, the affine surface defined by the two constants of motion completes into an abelian surface and the hamiltonian flow is straight line on this abelian surface. In this paper, we consider the following case [11] : a 2 = 4a 1 ≡ 4a, a 3 = 16, a 4 = 6, i.e.
the corresponding system, i.e.
is integrable, the second integral is
This case is interesting in that it is different; the asymptotic solutions of this system contain square root terms of the type t 1/n ,
depending on 3 free parameters. We show that this system is part of a system of differential equation in five unknowns having three constants of motion. The invariant surface defined by the two constants of motion can be completed as a cyclic double cover of an abelian surface (the jacobian of a genus 2 curve) and the system in question is algebraic complete integrable in the generalized sense. The hamiltonian (1) is part of the well known family
which describe the motion of particules interacting with a quartic potential Aq (ii) and (iii) are separable in ellipsoidal, paraboidal and cartesian coordinates respectively, whilst case (iv) is separable in the general sense [23] . The integrability of case (i) and separability in ellipsoidal coordinates was proved in [28] (see also [12, 24] ). The case (ii) appears as one of the entries in the polynomial hierarchy discussed in [7] . The cases (iii) and (iv) are proved to be canonically equivalent under the action of a Miura map restricted to the stationary coupled KdV systems associated with a fourth order Lax operator [4] . Moreover all the cases (i)-(iv) allow the deformation of the potential by linear combination of inverse squares and squares with certain limitations on the coefficients (see [7, 4] ). There are also Lax representations known for all these cases which yield hyperelliptic algebraic curves in the cases (i) and (ii) and a 4-gonal curve in the cases (iii) and (iv). Various results concerning cases (i)-(iv) can be found in [9, 10, 8, 21] . For a review of known results see also [6, 27] and the references therein.
As mentioned above, we consider in this paper another interesting interaction between algebraic geometry and dynamics: the system of differential equations (2). We solve this system in terms of genus 2 hyperelliptic functions. Also we show that this system is algebraic completely integrable in the generalized sense. To be more precise, when one examines all possible singularities of this system, one finds that it possible for the variable q 1 
is submersive, i.e. dH 1 (z), dH 2 (z) are linearly independent on ∆. Let
be the set of critical values of ψ. We denote by Ω the Zariski closure of Ω in C 2 .
The set {z ∈ C 4 : ψ(z) ∈ C 2 \Ω} is a non-empty Zariski open set in C 4 . Hence this set is everywhere dense in C 4 for the usual topology. Indeed, since a polynomial map is continuous for the Zariski topology, 
For every b ≡ (b 1 , b 2 ) ∈ C 2 \Ω, the fibre A is a smooth affine surface.
We show that the system (2) admits 3-dimensional family of Laurent solutions in t 1/n , depending on three free parameters: u, v and w. There are precisely two such families, labeled by ε = ±i, and they are explicitly given by the series (5). These formal series solutions are convergent and the pole solutions (5) (2) is algebraic completely integrable in the generalized sense.
Asymptotic Expansions, Curves and Linearization in Terms of Genus 2 Hyperelliptic Functions
Recall that a systemż = f (z) is weight-homogeneous with a weight ν k going with each variable (2) is weight-homogeneous with q 1 , q 2 having weight 1 and p 1 , p 2 weight 2, so that H 1 and H 2 have weight 4 and 5 respectively.
Theorem 1. The system (2) possesses 3-dimensional family of Laurent solutions (principal balances) depending on three free parameters u, v and w.
There are precisely two such families, labeled by ε = ±i, and they are explicitly given as follows
These solutions restricted to the surface A(4) are parameterized by two smooth curves C ε=±i (6) of genus 4.
Proof. The first fact to observe is that if the system is to have Laurent solutions depending on 4 free parameters, the Laurent decomposition of such asymptotic solutions must have the following form
Putting the expansions of q 1 , q 2 and
..
into ..
deduced from (2), solving inductively for the q
, one finds at the 0th step a free parameter u, at the 2nd step a second free parameter v and the remaining one w at the 4th step. More precisely, we have (a) 0th step:
, ε ≡ ±i.
(b) 1st step:
(c) 2nd step: 
(e) 4th step:
The formal series solutions (5) are convergent as a consequence of the majorant method [16] . By substituting these series in the constants of the motion H 1 = b 1 and H 2 = b 2 , we obtain
and one eliminates the parameter w linearly, leading to an equation connecting the two remaining parameters u and v:
this defines two smooth curves C ε (ε = ±i). The curve C ε has 10 branch points given by the solution of the equation:
According to Hurwitz' formula, the genus g of C ε is g = −2 + 1 + 10 2 = 4, which establishes the theorem.
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Theorem 2. The system of differential equations (2) can be written as follows
where P 6 (s) is a polynomial of degree 6 of the form
and the flow can be linearized in terms of genus 2 hyperelliptic functions.
Proof. We set
The latter equation together with the second implies that
In term of these new variables, Eqs.
(1) and (3) take the following form 
which leads immediately to the following equations for s 1 and s 2 : and hence the problem can be integrated in terms of genus 2 hyperelliptic functions of time. This ends the proof of the theorem.
The Invariant Manifold Completed as a Cyclic Double Cover an Abelian Surface
We have seen that it is possible for the variables q 1 and p 1 to contain square root terms of the type t −1/n , which are strictly not allowed by the Painlevé test. However, these terms are trivially removed by introducing some new variables z 1 , . . . , z 5 , which restores the Painlevé property to the system. Indeed, let 
